AMERICAM MATHEMATICAL SOCIETY _

- ] Citations
M a th SCI N et Mathemaltical Reviews on the Web From References: 15

Previous Up | Next Article From Reviews: 2
MR1328251 (969:32037)32G20 (14332 14N10 32G81 32J18 33C70)

Batyrev, Victor V. (D-ESSN) van Straten, Duco(D-KSRL)

Generalized hypergeometric functions and rational curves on Calabi-Yau complete
intersections in toric varieties. (English summary)

Comm. Math. Phy<l68(1995),no. 3,493-533.

One of the most important implications of mirror symmetry is its prediction of the numbers of
rational curves on Calabi-Yau manifolds. Originally [cf. P. Candelas et al., Nuclear PI3&9 B
(1991), no. 1, 21-74YIR1115626 (93b:32029jhe process of obtaining these numbers was car-
ried out via constructing another (mirror) manifold, finding differential equations for the periods
of holomorphic forms on the latter and taking certain expansions of the quantities associated wi
these forms (Yukawa couplings) relative to parameters constructed using differential equatior
This process was carried out (with some steps only conjecturally) in many cases, though mos
for Calabi-Yau manifolds which are hypersurfaces in weighted projective spaces. In the note
the reviewer and J. Teitelbaum [Internat. Math. Res. Notik®33 no. 1, 29-39MR1201748
(93k:14013) predictions for the number of rational curves ®limensional complete intersec-
tions in ordinary projective space were made by guessing the differential equation for the perio
of the holomorphic form on the mirror without actually finding corresponding mirror manifolds.

In the present paper the authors substantially expand this in several directions. They conjectt
what should be the power seri@g(z) for the holomorphic solution of the differential equation
for the period of a holomorphic form on the mirror in terms of the original Calabi-Yau manifold
in the case when the Calabi-Yau is a complete intersection in a toric variety. For example, for
complete intersection of hypersurfaces of degtge- -, d, in CP"*" the corresponding series is
the generalized hypergeometric series
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In the general case of toric varieties one has a more involved expression depending on the
defining the toric variety. The authors also provide a beautiful alternative description of the serie
®(z) in terms of intersection numbers of nef curves on the toric variety with the hypersurfaces
defining the Calabi-Yau complete intersection in question.

This power seriesb((z) is central for the predictions of the rational curves since it yields
in many examples the differential equations for the periods of forms on mirrors, the Yukaw:s
couplings and the parameters needed for the expansion, the coefficients of which are the numk
of rational curves. Following their goal to recast essential features of the calculations yielding tf
predictions, the authors conjecture tldgtis a solution to the differential system defined by the
Witten connection in quantum cohomology (which should be the case if there is identification c
superconformal field theories since the latter should yield an identification of the Gauss-Mani
and Witten connections on their respective domains). They give a conjectural expressjon for

X (ndy)! nd,)!
SE )t (),


/mathscinet
/mathscinet/pdf/1334939.pdf?arg3=&co4=AND&co5=AND&co6=AND&co7=AND&dr=all&pg4=AUCN&pg5=TI&pg6=PC&pg7=ALLF&pg8=ET&review_format=html&s4=van%20Straten&s5=&s6=&s7=&s8=All&vfpref=html&yearRangeFirst=&yearRangeSecond=&yrop=eq&r=28
/mathscinet/search/publications.html?arg3=&co4=AND&co5=AND&co6=AND&co7=AND&dr=all&pg4=AUCN&pg5=TI&pg6=PC&pg7=ALLF&pg8=ET&review_format=html&s4=van%20Straten&s5=&s6=&s7=&s8=All&vfpref=html&yearRangeFirst=&yearRangeSecond=&yrop=eq&r=1
/mathscinet/pdf/1325792.pdf?arg3=&co4=AND&co5=AND&co6=AND&co7=AND&dr=all&pg4=AUCN&pg5=TI&pg6=PC&pg7=ALLF&pg8=ET&review_format=html&s4=van%20Straten&s5=&s6=&s7=&s8=All&vfpref=html&yearRangeFirst=&yearRangeSecond=&yrop=eq&r=30
/leavingmsn?url=http://projecteuclid.org/getRecord?id=euclid.cmp/1104272487
/mathscinet/search/publications.html?refcit=1328251&amp;loc=refcit
/mathscinet/search/publications.html?revcit=1328251&amp;loc=revcit
/mathscinet/search/mscdoc.html?code=32G20%2C%2814J32%2C14N10%2C32G81%2C32J18%2C33C70%29
/mathscinet/search/publications.html?pg1=IID&s1=219978
/mathscinet/search/institution.html?code=D_ESSN
/mathscinet/search/publications.html?pg1=IID&s1=167990
/mathscinet/search/institution.html?code=D_KSRL
/mathscinet/search/journaldoc.html?&cn=Comm_Math_Phys
/mathscinet/search/publications.html?pg1=ISSI&s1=140193
/mathscinet/pdf/1115626.pdf
/mathscinet/pdf/1201748.pdf
/mathscinet/pdf/1201748.pdf

coordinates needed for the expansion of the Yukawa couplings and point ogistiaés should
have integral coefficients in terms of original coordinates. They also remark that their generalize
hypergeometric series belong to a subclass of the generalized hypergeometric functions with 1
resonance considered by Gahd-Kapranov-Zelevinsky.

The seriesby(z) has an important interpretation as an integral:
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whereP;( X, - - -, X;4,) are Laurent polynomials determined by the combinatorial data defining

the complete intersection and depending on parameters which also provide dependeane .of
The P;’s conjecturally define the mirror. The authors conjecture that the mirrors of complete inter
sections are the Calabi-Yau compactifications of the complete intersections given by the equatic
P (X, Xger) =+ =P.(X1, -+, Xgqsr) = 0in atorusT with coordinateg X, - - -, Xy4.,.).

In the final part of the paper the authors give ample evidence for these conjectures. They provi
numerous calculations of their generalized hypergeometric segies complete intersections in
products of projective spaces and del Pezzo surfaces. Then they calculate coefficients of expans
of Yukawa couplings and compare these coefficients with ad hoc calculations of the number «
lines and quadrics confirming the predictions.

Since this paper was written several new developments have taken place. L. Borisov [“Towar
the mirror symmetry for Calabi-Yau complete intersections in Gorenstein toric Fano varieties’
Preprint, http://xxx.lanl.gov/abs/alg-geom/9310001] came up with the construction of mirrors o
complete intersections of toric varieties, S. Hosono et al. [Comm. Math. R&Y$1995), no. 2,
301-350;MR1316509 (96a:32044Nuclear Phys. B133(1995), no. 3, 501-5521R1319280
(96d:32028) and P. Candelas et al. [Nuclear Phys4B6(1994), no. 2, 481-538VIR1274436
(95k:32020) worked out the differential systems for the periods of holomorphic forms, and
progress was made on the integrality conjectured here gf@xpansions mentioned above by B.

H. Lian and S.-T. Yau [Comm. Math. Phyk76(1996), no. 1, 163-191].
Reviewed byAnatoly Libgober
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